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QUANTUM LEAKS
JENS MARKLOF
Abstract. We show that eigenfunctions of the Laplacian on certain non-compact
domains with finite area may localize at infinity—provided there is no extreme level
clustering—and thus rule out quantum unique ergodicity for such systems. The con-
struction is elementary and based on ‘bouncing ball’ quasimodes whose discrepancy is
proved to be significantly smaller than the mean level spacing.
1. Introduction
Consider a region D in R2 with piecewise smooth boundary and finite area. The
billiard flow on the unit cotangent bundle of D is defined as the motion along straight
lines with specular reflections at its boundary ∂D. The quantum states and energy
levels of the flow are determined by the eigenvalue problem for the Dirichlet Laplacian,1
(1.1)
{
(∆ + λ)ϕ = 0
ϕ
∣∣
∂D = 0,
where ∆ = ∂2x + ∂
2
y . It is well known that the spectrum is discrete. The asymptotic
distribution of the eigenvalues
(1.2) 0 < λ1 ≤ λ2 ≤ . . .→∞
is governed by Weyl’s law (cf. [30, 2, 3, 19, 4] and references therein)
(1.3) lim
λ→∞
#{j : λj < λ}
λ
=
Area(D)
4π
.
The mean spacing between consecutive eigenvalues is therefore asymptotically constant.
We denote by {ϕj}j an orthonormal basis of eigenfunctions, and consider the probability
measure
(1.4) dνj = |ϕj(x, y)|2dx dy
associated with the jth eigenstate. One of the central problems in quantum chaos is
to classify all weak limits of dνj as j → ∞. The quantum ergodicity theorem, due to
Schnirelman, Zelditch and Colin de Verdie`re [29, 32, 10] (adapted for billiard flows on
domains of the above type in [34]), asserts that, if the underlying dynamics is ergodic,
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1Our results can easily be adapted to the case of Neumann boundary conditions provided the spec-
trum of the Laplacian is discrete (which, in contrast to Dirichlet conditions, is not generally the case
for non-compact regions with finite area).
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Figure 1. Leaky Sinai billiard
Figure 2. Leaky Bunimovich billiard
Figure 3. Leaky polygonal billiard
there is a subsequence λj1 , λj2, . . . of full density
2 such that the corresponding eigen-
functions ϕji (i → ∞) become uniformly distributed on the unit cotangent bundle of
D. This implies for instance that for any set A ⊂ D with smooth boundary,
(1.5) lim
i→∞
∫
A
dνji =
Area(A)
Area(D) .
The proof of this theorem does not indicate whether in fact all eigenfunctions become
uniformly distributed (a phenomenon called quantum unique ergodicity since there is
only one possible quantum limit [27, 28]), or if there may exist sparse subsequences
that have a singular limit, e.g., measures concentrated on periodic orbits of the billiard
flow. Such exceptional subsequences have been observed in numerical experiments and
are referred to as scars or bouncing ball modes. Following earlier results for quantum
maps [11, 26, 20, 21], recent seminal contributions on the question of quantum unique
ergodicity include the work of Faure, Nonnenmacher and De Bie`vre [15, 14] who prove
the existence of localized eigenstates for quantum cat maps, and Lindenstrauss’ proof
[25] of quantum unique ergodicity in the case of Hecke eigenstates3 of the Laplacian on
compact arithmetic hyperbolic surfaces of congruence type.
In the present paper we show that for certain non-compact domains D ⊂ R2 with
finite area the sequence of measures dνj is not tight,
4 provided there is no extreme
clustering of eigenvalues. Hence there exist subsequences of eigenstates ϕji that leak to
infinity, and quantum unique ergodicity is not satisfied for such a system.
2A subsequence {λji}i is of full density if limλ→∞#{i : λji < λ}/#{j : λj < λ} = 1.
3Hecke eigenstates are simultaneous eigenfunctions of the Laplacian and all Hecke operators. If the
spectrum of the Laplacian is simple, as conjectured e.g. for the modular surface, any eigenfunction of
the Laplacian is a Hecke eigenstate.
4A sequence of probability measures dνj is tight if for any ǫ > 0 there is a compact domain K ⊂ D
such that lim supj→∞
∫
D−K
dνj < ǫ.
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Let D be given by
(1.6) D = {(x, y) ∈ R2 : x > 0, 0 < y < f(x)}
where f : (0,∞) → (0,∞) is right-continuous and decreasing to 0 as x → ∞. More
specifically, we assume that f is constant on the intervals [ai, ai+1), i = 1, 2, 3, . . ..
Examples of such domains are displayed in figs. 1–3. The condition
(1.7)
∞∑
i=1
ℓiδi <∞, with δi := f(ai) and ℓi := ai+1 − ai,
ensures D has finite area. To illustrate our main result, let us for example choose
δi = i
−(1+σ) and ℓi = iρ where σ > ρ > 0 are abribrary fixed constants. Theorem 1 in
Section 3 implies that there is a constant C > 0 such that (at least) one of the following
two statements is true:
 There is a subsequence of eigenfunctions ϕji (i = 1, 2, . . .) with eigenvalues
λji ∈ π2i2(1+σ) + [−Ci−2ρ, Ci−2ρ] and some c > 0 such that for any compact
K ⊂ D we have
(1.8) lim inf
i→∞
∫
D−K
dνji > c.
 The number of eigenvalues λj in the interval π
2i2(1+σ) + [−Ci−2ρ, Ci−2ρ] is un-
bounded as i→∞.
The first statement implies that eigenfunctions loose a positive proportion of mass. The
second alternative implies extreme level clustering; this seems unlikely for a generic
billiard of the above type, but cannot a priori be ruled out. To get a rough idea on
whether to expect more level clustering than in the case of compact domains D, we
show in Section 5 that the spectral counting function has the asymptotics (Theorem 2)
(1.9)
#{j : λj < λ} = Area(D)
4π
λ− L(λ)
4π
√
λ +
1
2π
√
λ
∞∑
i=1
δi
√
λ>π
ℓi
∞∑
r=1
1
r
J1
(
2rδi
√
λ
)
+O(
√
λ),
where
(1.10) L(λ) = 2
∞∑
i=1
δi
√
λ>π
ℓi
is an ‘effective length’ of the boundary ∂D and J1 is the J-Bessel function. The fluc-
tuations are therefore larger than in the compact case, where the error term is of order
O(
√
λ); cf. Section 5 for a more detailed discussion.
The proof of Theorem 1 is elementary and based on the construction of ‘bouncing
ball’ quasimodes [17, 1, 31, 13, 6, 7, 8, 33, 18] (see also Bogomolny and Schmit’s recent
work on eigenfunctions in pseudo-integrable billiards [5]). The non-compactness of the
domain allows for quasimodes with discrepancy almost as small as O(µ−1), where µ is
the quasi-eigenvalue. The best rigorous bound for the discrepancy in the compact case
is O(1), cf. [13].
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Our construction is completely independent on the choice of f on the interval (0, a1),
and one may use this additional freedom to tune f on (0, a1) in such a way that the
billiard flow on D is ergodic. It seems plausible that this is the case if the billiard flow on
the restricted compact region D0 = {(x, y) ∈ R2 : 0 < x < a1, 0 < y < f(x)} is ergodic
(as in the examples displayed in figs. 1 and 2), but to the best of my knowledge there
are no rigorous results in this direction (see however [23, 24, 16] for proofs of ergodicity
for different classes of non-compact domains). A further interesting class of examples
are infinite pseudo-integrable billiards (fig. 3) that are known to be ergodic5 for almost
all initial directions [12].
2. Quasimodes
A function ψ ∈ H10 (D) is called a quasimode for −∆ with quasi-eigenvalue µ and
discrepancy ǫ, if
(2.1)
{
‖(∆ + µ)ψ‖ ≤ ǫ‖ψ‖,
ψ
∣∣
∂D = 0,
where ‖ · ‖ denotes the L2 norm. A sequence of quasimodes {ψi}i with quasi-eigenvalues
µi is of order s, if
(2.2) ‖(∆ + µi)ψi‖ = O(µ−s/2i )‖ψi‖.
We summarize a few important properties of quasimodes; more details can be found in
[9, 22, 13, 33].
By expanding ψ in an orthonormal basis of eigenfunctions, ψ =
∑
j〈ψ, ϕj〉ϕj , it is
easy to see that (2.1) implies
(2.3)
∑
j
|〈ψ, ϕj〉|2(λj − µ)2 ≤ ǫ2‖ψ‖2 = ǫ2
∑
j
|〈ψ, ϕj〉|2.
Hence |λj − µ| ≤ ǫ for at least one j, i.e., there is at least one eigenvalue λj in the
interval [µ− ǫ, µ+ ǫ]. Consider the larger interval J = [µ− bǫ, µ+ bǫ], b > 1. We have
(2.4)
∑
λj /∈J
|〈ψ, ϕj〉|2 ≤ (bǫ)−2
∑
λj /∈J
|〈ψ, ϕj〉|2(λj − µ)2 ≤ b−2‖ψ‖2.
For a domain A ⊂ D define
(2.5) ‖ψ‖A =
√∫
A
|ψ(x, y)|2dx dy.
5Since the modulus of the momentum components in both x- and y-directions are constants of mo-
tion, ergodicity is here understood with respect to a two-dimensional submanifold of the unit cotangent
bundle.
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Triangle and Cauchy-Schwarz inequality imply
‖ψ‖A ≤
∥∥∥∥∑
λj∈J
〈ψ, ϕj〉ϕj
∥∥∥∥
A
+
∥∥∥∥∑
λj /∈J
〈ψ, ϕj〉ϕj
∥∥∥∥
A
≤
√∑
λj∈J
|〈ψ, ϕj〉|2
√∑
λj∈J
‖ϕj‖2A +
∥∥∥∥∑
λj /∈J
〈ψ, ϕj〉ϕj
∥∥∥∥
≤ ‖ψ‖
√∑
λj∈J
‖ϕj‖2A +
√∑
λj /∈J
|〈ψ, ϕj〉|2
(2.6)
and hence, together with (2.4),
(2.7)
√∑
λj∈J
‖ϕj‖2A ≥
‖ψ‖A
‖ψ‖ − b
−1.
Now suppose that
(2.8)
for a sequence of quasimodes ψi with quasi-eigenvalue µi and discrep-
ancy ǫi the intervals Ji = [µi − bǫi, µi + bǫi] each contain at most k
eigenvalues λj.
Then, in each interval Ji there is a λji such that
(2.9) ‖ϕji‖A ≥
1√
k
(‖ψi‖A
‖ψi‖ − b
−1
)
.
3. Leaky domains
Let f : (0,∞)→ (0,∞) be a right-continuous function, monotonically decreasing to
0 on the half-line [a1,∞) (for some a1 > 0), and
∫
f(x)dx < ∞. We are interested in
the domain D = {(x, y) ∈ R2 : x > 0, 0 < y < f(x)}. In the following we will assume
that f is chosen so that
(3.1)
∫ ∞
a1
f(x)h(π2f(x)−2)dx <∞,
where h : [0,∞) → [0,∞) is a fixed increasing function bounded by h(x) ≤ √x. The
central result is the following.6
Theorem 1. For any given decreasing function τ : [0,∞) → (0,∞), and any infinite
sequence of real numbers
(3.2) 0 < µ1 ≤ µ2 ≤ . . .→∞
satisfying
(3.3)
∞∑
i=1
τ(µi) <∞,
6The notation A ≪ B for two positive quantities A,B means there is a constant C > 0 such that
A ≤ CB. We write A ≍ B if A≪ B ≪ A.
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there is a domain D of the above type whose Dirichlet Laplacian has an infinite sequence
of quasimodes ψi,m,n with quasi-eigenvalues
(3.4) µi,m,n = n
2µi +m
2ξi, i,m, n ∈ N,
and
(3.5) ξi ≍ h(µi)
2
µi τ(µi)2
,
so that
(i) ‖(∆ + µi,m,n)ψi,m,n‖ = O(mξi)‖ψi,m,n‖,
(ii) 〈ψi,m,n, ψi′,m′,n′〉 = 0 for i 6= i′ or n 6= n′,
(iii) |〈ψi,m,n, ψi,m′,n〉| ≪ min{0.001, |m−m′|−1}‖ψi,m,n‖ ‖ψi,m′,n‖ for m 6= m′,
(iv) for any compact set K ⊂ D,
(3.6)
‖ψi,m,n‖D−K
‖ψi,m,n‖ → 1
uniformly for all m,n ∈ N as i→∞.
Remark 1.1. Note that the set {µi,m,n : i,m, n ∈ N} is a discrete subset of R+, with
mean density
(3.7) lim
λ→∞
#{(i,m, n) : µi,m,n < λ}
λ
=
C
4π
,
where
(3.8) C = π2
∑
i
1√
µiξi
≤ Area(D).
This may either be verified directly, or concluded from the observation (cf. Sections 4
and 6) that {µi,m,n} can be identified with the spectrum of the Dirichlet Laplacian on
an infinite union of rectangles Di with sides ℓi = πξ−1/2i , δi = πµ−1/2i , and thus total
area C =
∑
iArea(Di). In this interpretation, (3.7) represents Weyl’s law (1.3).
Remark 1.2. If assumption (2.8) holds e.g. for the quasimodes ψi,1,1, eqs. (2.9) and
(3.6) imply there is an infinite sequence of eigenfunctions ϕji, such that for any compact
K ⊂ D
(3.9) lim inf
i→∞
‖ϕji‖D−K ≥
1− b−1√
k
.
That is, the eigenstates ϕji loose a positive proportion of mass. It should be stressed
that we have not ruled out the probably very remote possibility that assumption (2.8)
with ǫi = O(mξi) can never be satisfied for the domains D considered in the theorem (an
explicit construction of D is given in Section 4). It would be interesting to see whether
(2.8) can be established at least for generic choices of such D, i.e., generic choices of δi.
In Section 5 we will prove an upper bound for the error term in Weyl’s law, which in
turn yields a rough estimate on possible level clustering.
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Remark 1.3. For m,n bounded as i→∞ the theorem establishes quasimodes with very
small discrepancy,
(3.10) ‖(∆ + µi,m,n)ψi,m,n‖ = O
(
h(µi,m,n)
2
µi,m,n τ(µi,m,n)2
)
‖ψi,m,n‖.
Since h and τ can be arbitrarily slowly increasing/decreasing functions (respectively),
this yields quasimodes of order arbitrarily close to 2; cf. example 1.1 below. The number
of such quasimodes with µi,m,n < λ,
Nbb(λ) = #{(i,m, n) : m,n = O(1), µi,m,n < λ}
≍ #{i : µi < λ},(3.11)
is determined by the restriction that
(3.12)
∫
τ(λ)dNbb(λ) <∞.
Hence the higher the desired accuracy of quasimodes (achieved by choosing a sufficiently
slowly decreasing τ), the thinner the corresponding sequence of quasimodes becomes.
Remark 1.4. The theorem also implies that there can be sequences of quasimodes of
order zero that have almost full density. ‘Order zero’ means that
(3.13) ‖(∆ + µi,m,n)ψi,m,n‖ = O(1)‖ψi,m,n‖,
i.e., mξi ≤ C1 for some constant C1 > 0. Since in view of (3.5) there is a constant
C2 > 0 such that ξiµi ≥ C2, we have
NBB(λ) = #{(i,m, n) : µi,m,n = n2µi +m2ξi < λ, mξi ≤ C1}
≥ #
{
(i,m, n) : n2 <
λ
µi
− C
2
1
C2
, m ≤ C1
ξi
}
≍
√
λ
∑
µi<λ
√
µi τ(µi)
2
h(µi)2
.
(3.14)
For suitable choices of h and τ this quantity can be arbitrarily close to a function ≍ λ,
cf. (3.18). On the other hand, it is bounded from below by ≫ √λ. This bound is
attained in the case when
(3.15)
∞∑
i=1
√
µi τ(µi)
2
h(µi)2
<∞,
and coincides with the bound for compact domains, cf. [13]. Note that the heuristic
approaches in [1, 31] predict a greater number of bouncing ball modes.
Example 1.1. Take h(x) = xβ with 0 ≤ β < 1/2. For any given infinite sequence of real
numbers µi with
(3.16) #{j : µj ≤ λ} ≍ λα,
there is a domain D with ∫ f(x)1−2βdx <∞, so that the corresponding quasimodes ψj
have order 2− 2σ, for any fixed σ > 2(α + β). That is,
(3.17) ‖(∆ + µi,m,n)ψi,m,n‖ = O(mµ−1+σi,m,n )‖ψi,m,n‖,
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The fact that (3.16) implies (3.3) with τ(x) = x−α
′
(α′ > α) is seen by summation by
parts. In view of Weyl’s law (1.3) and the small discrepancy O(µ−1+σi,m,n ) for bounded m,
a failure of assumption (2.8) would imply an extreme clustering of eigenvalues. As we
shall see in Section 5, the bounds on the error term in Weyl’a law worsen as σ → 0,
and hence clustering cannot be ruled out.
An evaluation of the lower bound for the number of order-zero quasimodes in (3.14)
yields
(3.18) NBB(λ)≫ λθ,
with θ = max{1 + α − 2α′ − 2β, 1/2}. Note that θ can be arbitrarily close to 1 for
suitable parameter choices.
Example 1.2. A second interesting choice that yields a domain D with exponentially
narrow cusps, is h(x) =
√
x/ logγ(1 + x) with γ > 0. For any given infinite sequence of
real numbers µi with
(3.19) #{j : µj ≤ λ} ≍ logα λ,
there is a domain D with ∫ | log f(x)|−γdx <∞, so that
(3.20) ‖(∆ + µi,m,n)ψi,m,n‖ = O(m log−σ µi,m,n)‖ψi‖,
for any fixed σ < 2(γ − α). Choose here τ(x) = log−α′ x with α′ > α, and (3.3) can
again be checked using summation by parts.
In this case the number of order-zero quasimodes is bounded from below by
(3.21) NBB(λ)≫
√
λ.
4. Proof of Theorem 1
We begin by constructing accurate quasimodes on the rectangle [a, a+ ℓ]× [0, δ] with
Dirichlet boundary conditions at y = 0, δ. Let χ ∈ C∞0 (R) be a mollified characteristic
function of the interval [0, 1]. That is, 0 ≤ χ(x) ≤ 1, χ(x) = 0 for x /∈ [0, 1] and χ(x) = 1
for x ∈ [ǫ, 1− ǫ] for some fixed, small ǫ > 0. We assume also that χ′(x) = O(ǫ−1) (such
a choice is always possible). For m,n ∈ N, a ∈ R and ℓ, δ > 0 put
(4.1) ψm,n(x, y) = χ
(
x− a
ℓ
)
sin
(
πm(x− a)
ℓ
)
sin
(
πny
δ
)
and
(4.2) µm,n = π
2
[(
m
ℓ
)2
+
(
n
δ
)2]
.
Straightforward differentiation yields
(4.3) (∆ + µm,n)ψm,n(x, y) =
1
ℓ2
[
2πmχ′
(
x− a
ℓ
)
cos
(
πm(x− a)
ℓ
)
+ χ′′
(
x− a
ℓ
)
sin
(
πm(x− a)
ℓ
)]
sin
(
πny
δ
)
,
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and hence
(4.4) ‖(∆ + µm,n)ψm,n‖2 = Oχ
(
m2δ
ℓ3
)
.
where the implied constant only depends on the choice of χ. Because of this and
(4.5) ‖ψm,n‖2 = ℓδ
4
(1 +O(ǫ)),
we obtain
(4.6) ‖(∆ + µm,n)ψm,n‖ = Oχ
(
m
ℓ2
)
‖ψm,n‖.
Furthermore, for n 6= n′ we have 〈ψm,n, ψm′,n′〉 = 0, and for n = n′, m 6= m′,
〈ψm,n, ψm′,n〉 = δ
2
∫ ℓ
0
χ
(
x
ℓ
)2
sin
(
πmx
ℓ
)
sin
(
πm′x
ℓ
)
dx
=
δ
2
{∫ ǫℓ
0
+
∫ ℓ
(1−ǫ)ℓ
}[
χ
(
x
ℓ
)2
− 1
]
sin
(
πmx
ℓ
)
sin
(
πm′x
ℓ
)
dx
=
ℓδ
4
{∫ ǫ
0
+
∫ 1
1−ǫ
}
[χ(x)2 − 1][cos(π(m−m′)x)− cos(π(m+m′)x)]dx
=
ℓδ
4
O(ǫ).
(4.7)
On the other hand, using integration by parts, we have
(4.8)
∫ ǫ
0
[χ(x)2 − 1] cos(π(m−m′)x)dx
=
1
π(m−m′)
{[
[χ(x)2 − 1] sin(π(m−m′)x)
]ǫ
0
−
∫ ǫ
0
2χ(x)χ′(x) sin(π(m−m′)x)dx
}
.
Since χ(ǫ)2 = 1, sin(0) = 0 the first term vanishes, and since χ′(x) = O(ǫ−1) the integral
is of O(1). The analogous argument works for the remaining integrals. Hence
(4.9) |〈ψm,n, ψm′,n〉| ≪ min
{
ǫ,
1
|m−m′|
}
‖ψm,n‖ ‖ψm′,n‖.
We will now give an explicit construction of D. The function f is chosen constant on
the intervals [ai, ai+1), i = 1, 2, 3, . . .; set δi = f(ai) and ℓi = ai+1 − ai. As quasimodes
we take
(4.10) ψi,m,n(x, y) = χ
(
x− ai
ℓi
)
sin
(
πm(x− ai)
ℓi
)
sin
(
πny
δi
)
,
with quasi-eigenvalues
(4.11) µi,m,n = π
2
[(
m
ℓi
)2
+
(
n
δi
)2]
.
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By construction, these are completely localized in the rectangle [ai, ai+1] × [0, δi] and
hence satisfy requirement (iv) of the theorem. Setting µi = π
2δ−2i , every given sequence
of µi having property (3.3) determines a sequence of δi. Because of (4.6),
(4.12)
‖(∆ + µi,m,n)ψi,m,n‖
‖ψi,m,n‖ = Oχ(mℓ
−2
i ) = Oχ(mδ
2
iA
−2
i ) = Oχ(mµ
−1
i A
−2
i ).
To minimize the discrepancy, we would like to choose Ai as large as possible. The choice
Ai = τ(µi)h(µi)
−1 yields condition (i) and determines f . Since∫ ∞
a1
f(x)h(π2f(x)−2)dx =
∑
i
ℓif(ai)h(π
2f(ai)
−2)
=
∑
i
Aih(π
2δ−2i )
=
∑
i
τ(µi) <∞,
(4.13)
the function f is in the required class satisfying (3.1).
Condition (ii) is evident from (4.1), and (iii) from (4.9).
5. Asymptotic distribution of eigenvalues
In view of condition (2.8) we would like to control the number of eigenvalues in small
intervals. The following theorem illustrates that extreme level clustering cannot a priori
be ruled out.
Theorem 2. The spectral counting function N(λ) = #{j : λj < λ} of the Dirichlet
Laplacian for the domain D (as in Section 4) satisfies
(5.1) N(λ) =
Area(D)
4π
λ− L(λ)
4π
√
λ+
1
2π
√
λ
∞∑
i=1
δi
√
λ>π
ℓi
∞∑
r=1
1
r
J1
(
2rδi
√
λ
)
+O(
√
λ),
where
(5.2) L(λ) = 2
∞∑
i=1
δi
√
λ>π
ℓi
and J1 is the J-Bessel function.
Remark 2.1. The standard bound
(5.3) |J1(x)| ≪ x−1/2 for x large
implies that
(5.4) N(λ) =
Area(D)
4π
λ+O(L(λ)
√
λ),
where
(5.5) L(λ) = 2π
∞∑
i=1
µi<λ
1√
ξi
≪
∞∑
i=1
µi<λ
√
µi τ(µi)
h(µi)
;
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recall that µi = π
2/δ2i and ξi = π
2/ℓ2i . As the examples following Theorem 1 illustrate,
a good quasimode discrepancy (ξi small) is thus traded with an error bound in (5.4)
approaching o(λ). But as we shall see in the following section, cf. eq. (6.7), the number
of eigenvalues in the interval [λ, λ+ σ] with σ <
√
λ is
(5.6) N(λ + σ)−N(λ) = #{(i,m, n) ∈ N3 : λ ≤ µi,m,n < λ+ σ}+O(
√
λ),
with quasi-eigenvalues µi,m,n as in (3.4). That is, all extreme fluctuations beyond O(
√
λ)
are due to the presence of bouncing ball quasimodes.
6. Proof of Theorem 2
Consider the domains Di = {(x, y) ∈ R2 : ai < x < ai+1, 0 < y < f(x)} where
i = 0, 1, 2, . . . and a0 = 0. Let N
(i)
D (λ) be the spectral counting function for the Dirichlet
Laplacian for Di, and N (i)N (λ) the counting function with Neumann conditions on the
boundary lines x = ai and x = ai+1 and Dirichlet conditions on the remaining boundary.
Set
(6.1) ND(λ) =
∞∑
i=0
N
(i)
D (λ), NN(λ) =
∞∑
i=0
N
(i)
N (λ).
It is well known (‘Dirichlet-Neumann bracketing’ [2, 4]) that
(6.2) ND(λ) ≤ N(λ) ≤ NN(λ).
For i = 0 the general error estimate in Weyl’s law for compact domains yields
(6.3) N
(0)
D (λ) =
Area(D0)
4π
λ+O(
√
λ), N
(0)
N (λ) =
Area(D0)
4π
λ+O(
√
λ).
For the remaining domains we have
(6.4) ND (λ) :=
∞∑
i=1
N
(i)
D (λ) = #{(m,n, i) ∈ N3 : n2µi +m2ξi < λ}
and
(6.5) NN (λ) :=
∞∑
i=1
N
(i)
N (λ) = N

D (λ) + #{(n, i) ∈ N2 : n2µi < λ}.
Note that
(6.6) NN (λ)−ND (λ) ≤
∑
µi<λ
√
λ
µi
= O(
√
λ)
since
∑
i µ
−1/2
i <∞, cf. (3.8). Therefore
(6.7) N(λ) =
Area(D0)
4π
λ+ND +O(
√
λ).
Now
(6.8) ND (λ) =
∞∑
i,n=1
n2µi<λ
[√
λ− n2µi
ξi
+O(1)
]
=
∞∑
i,n=1
n2µi<λ
√
λ− n2µi
ξi
+O(
√
λ),
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recall the argument in (6.6). The main term is
∞∑
i,n=1
n2µi<λ
√
λ− n2µi
ξi
=
√
λ
∞∑
i=1
µi<λ
∞∑
n=1
1√
ξi
F
(
n
√
µi
λ
)
=
1
2
√
λ
∞∑
i=1
µi<λ
∞∑
n=−∞
1√
ξi
F
(
n
√
µi
λ
)
− 1
2
√
λ
∑
µi<λ
1√
ξi
(6.9)
where F (x) =
√
max{1− x2, 0}. The Poisson summation formula yields for the sum
over n
(6.10)
∞∑
n=−∞
F
(
n
√
µi
λ
)
=
√
λ
µi
∞∑
r=−∞
F̂
(
r
√
λ
µi
)
where F̂ (0) = π/2 and for y 6= 0
F̂ (y) =
∫ 1
−1
√
1− x2 cos(2πxy)dx
=
1
2y
J1(2πy).
(6.11)
So
(6.12)
∞∑
n=−∞
F
(
n
√
µi
λ
)
=
π
2
√
λ
µi
+
∞∑
r=1
1
r
J1
(
2πr
√
λ
µi
)
.
The bound (5.3) proves the convergence of the series on the right hand side of (6.12).
This concludes the proof of Theorem 2.
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